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A Geometrical Pector Algebra 


By T. PROCTOR HALL, M.A., Ph. D., M.D. 


1. The laws of operation of any algebra are ultimately based upon its 
definitions. If the definitions are geometrical the algebraic operations have 


* geometric correspondences. The operations of addition and subtraction in 


common algebra, for example, correspond to the geometric addition and 
subtraction of straight lines, vectors, surfaces, ete. 


In this algebra new definitions of vector multiplication and division are 
adopted, in consequence of which all algebraic operations upon vectors 
(directed unlocated straight lines or steps), or rather upon vector symbols, 
correspond to geometric operations in space upon the vectors themselves ; 
and every algebraic vector expression corresponds to some geometric 
configuration of the vectors themselves. 


In every vector demonstration or problem, therefore, the student may 
think in terms of either algebra or geometry or both; and may at any time 
change from one realm of thot to the other with no break in the continuity. 


. This algebra is developed first in terms of analytical geometry for 
three-fold space, and is then adapted to two-fold and to four-fold space. 
Complex numbers, spherical trigonometry, and quaternion rotations, appear 
as special cases. 


2. NOTATION.—Taking three rectangular axes X, Y, Z, let x,y,2 
denote unit vectors (steps) outward from the centre O, along the axes. 
Unit vectors in the opposite direction from O are denoted by x, y,z. . 
Vectors in general are herein denoted by black faced Gothic capitals, and 
the corresponding unit vectors by black faced italics. For purposes of 
designation and operation all vectors (unless otherwise indicated) are under- 
stood to start from O, the centre of coordinates. 


Then if A is any vector, a is its length, a@ is unit length of the same 
vector, a, X, a, Y, a, Z are the vector components of A along X, Y, Z, and 
a,x, ay, a, are the lengths of these components. 


Then A= aa 
=a,x+a,y +a, z by vector addition. 
a® = a. + a? + a; by solid geometry. 
The symbol A is used to indicate (1) the vector from O to the point 


whose rectangular coordinates are a,, a,, a,; (2) motion from O to the 
extremity of A; (8) a rotor, defined in §7. 
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The line or locus of A is expressed by an elongated /, thus [a, and 


any part of this locus, from m to n, is written WES Surface loci are 


ordinarily expressed by two /’s and solid loci by three /’s. 


3. To express the cosine of the angle between two vectors in terms of 
the coordinates of the vectors. 
Let c be the length of the line joining the 
B extremities of the vectors A, B, from O. 
By solid geometry— 
: c? = (a, - bx)* + (ay — by)* + (a, — b,)* 
By plane trigonometry— 
c= a’+ b-2abcosAB. 
a, 0. -- dy Dy 0. Dep amen 
a b. Rag ab 


where Sa» == the sum of the a b products = ab cos AB. 


BiGaw: 





Therefore, cos A B = 


If S.,= O, A + B, and conversely. 


EXAMPLE 1.—Find the angle between the vectors x + 2y and 2x-y-+ cz. 
Here S = 0, and the vectors are perpendicular. 


EXAMPLE 2.—What angles does the vector 2x - y+z (= A) make with 


the axes x, y, Z? 
: 2 =i) 1s 
a=] 6; em cosAx= 6, cos Ay = Wi bae cos Az= , Give 


4. ADDITION AND SUBTRACTION.—Addition is geometrically 
defined as the process of making the second vector step from the extremity 
of the first. The sum is the new vector from O to the extremity of the 


second vector thus added. 


Algebraically addition is performed by resolving the vectors into their 


components and adding these. 
A+B=(axt+ayt+az)+()x+hy+ 5,2) 
= (a,+b,) x + (a,+b,) y + (a,+b,) Zz. 
Subtraction is addition of the negative of a vector. 


Hence, both geometrically and algebraically vector terms are commut- 
ative. 
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5. COLLINEAR VECTORS.—Two vectors A, B, arein the same line 
when 





A — nS; 
a a a 

or x =: y — Z = n. 
Tent poe one 


If n is positive, A and B are in the same direction; if negative, Aand B 


are opposite. If n=1, A==B. 


6. COPLANAR VECTORS.—Three vectors, A, B, C, are in the same 
plane when another vector, K, can be found which is perpendicular to each 
of them. Then Sa = Sx = Sa = 0, by §38. Eliminating k,, ky, k, we 
get the coplanar equation 

ay Si eer bom 
The determinant | a, 5, c, | is six times the volume of the tetrahedron whose 


corners are OQ A BC. When this volume is zero A, B, C, are coplanar... 


EXAMPLE.—Find the conditions under which A is perpendicular to 
C=x + Zz, and in the B C plane where B = 2x - y 13. 


The condition of perpendicularity is 
Sac = 9, or a, + a, = 0. 
The coplanar equation is 


fs — V3 0 
Meee A ge he ei) 
! ieewa| LEoee C1 


Therefore A = a, (x - yy 3-2). 


7. MULTIPLICATION of the vector B by the vector A is written 
AB, and is defined geometrically as the combined operations, 
(1) Extension of B until its length is ab, 
(2) Simultaneous rotation of B thru 90° about A as an axis, in a 
direction which is right handed or clockwise when facing in 
the positive direction of A. 
Each vector multiplier is a tensor-rotor. The rotor power of all vectors is 
the same and needs no separate expression at this stage. 


The product AB is that vector from O whose extremity is the final 
position of the point B after extension and rotation. The. locus of AB 
is the curve traced by the point B during the operation. 

ABC means the operation of A on the product BC, or 


ABC =A. BC. 
Also A’ B =A. AB, etc. 
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It next becomes necessary to find the laws of algebraic multiplication 


that correspond to the geometric changes here defined. 


8. Multiplication by a collinear vector makes no change except in 


length or sign, 


9. Unit perpendicular vectors give the following results which are 


geometrically evident. ie 


xy=z xy =z 
y xz=y XZ ey, 
xy=2z xy =z 
xz=y xzZ=y 


and similarly for y and z as operators. 





i Here the laws of signs are the same as 
aoe in common algebra, so long as the factors 
Z are in alphabetical circular order; 
Fic. 2 oe, 
xy=z=xy, 
xy=z=xy=-—xy. 
But reversing the order of the factors changes the sign of the product ; 
xy=z 
yx = 2. 


The second power of an unit perpendicular operator is equivalent to -l, 
MY = KEY 
XY = X ZS y) 

The fourth power leaves the operand unchanged, 
x'y = x*y=y. 

When the vectors are not units the product of their tensors is prefixed to 


‘the vector product, 
aX. DY =00 1X Y =00 2, 


10. To find the algebraic product of any two vectors. Let the product 
be K.= AB: Draw KD 1 O Ayana y 


> K equal and parallel to DK. Then the length 
OD is 
OD = OK cos AK 
B =ab cos AB 
Sa bv 83. 
O A As vectors OK = OD+ DK, 
D or K=S8,a+.V:- 
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To determine V we have the equations of perpendicularity, 
Da 420, +0, vB, ++ 0, 3, = 0 
Spy = bv, + by v, + bv, = 0, 
and from the triangle ODK, 
pt w+ =v’ = ad? — 8’. 
Solving we get 
b, = a,b, — a,b, 
Des Gp De a. b, 
v, = a,b, — a,b,. 
Hence the ‘‘Vector Normal’’ to A,B, is 


Ga, Gy 
NJ ely 2 Dy 3D 
xyz 
and its length is 
v=Vaeb—S*=ab sin AB. 


The product K is thus expressed in terms of the given vectors and 
their components, in the equation 


AB=Sa-V. 


Example. Find the product AB when 
A=3y—2z, B=33z- y. 
Here Die = OVE OX a= 4/10, 
__ 37/10 


a A Bis 8x 5 


(3y — 2). 





11. PERMUTATION OF FACTORS. It is geometrically and alge- 
braically evident that 


Sap = Sha 
and that Mien Ve. 
Hence BA = 8,. 8 + Va 
=e S| Vab 


which is not equal to AB. 


Changing the order of the factors changes the vector product. Vectors 
are not permutable. 


12. OPERAND DISTRIBUTIVE. To find the product A (B +: C) 

let =o il pay Bh 
so that ad, = Pee c 
d 


Pe 5 Ps ss 3 


d, = bj -+- c 


eT Zz 
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Then A(B+zcCc)=AD 
== Sig @ + Vaa 
= (Sip Sa.) + Vax SEV 
= (Sa @ + Van) + (Sie @ + Vac) 
=AB+AC. 


The operand is therefore distributive. 


13. OPERATOR. NOT DISTRIBUTIVE. To find the product 
(A + B)C, let A+ B= K so that 
kK, =a, tb, 
Ky ey 
k, =a, + b, 


and RP=ad+6? + 258,, by §38. 
Then (AA+BIC=KC 
a Ske k Se V«qke 
She pas She 





— (A + B) Vio ve 
V+ + 28y tS be) 


which is not equal to AC iz BC, 


Hence the operator is not in general distributive. 


14. FACTORS MUST NOT CHANGE ASSOCIATION. 
ABC=A(§S,. b+ V0) 


= SAB + AV. 


Sab She She 
i ae A+ Hi Via»+tla,bc,| a+5,.B—S,, C. 


To expand AB. C, let K = AB, so that 
AB. C=KC = Ske K+ Vie 


Sab Sie } Si 
= |e +] ab01 bab+ == Ve 
| ay b, | ’ | a, b, | ’ | ay b, | 
op Cy Cy C. 
xX Y Zz 


which is not equal to ABC. 


Hence the association of a factor must not in general be altered. 
But if C = A these two products become identical, and therefore 
A. BA = AB. A. 
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15. POWERS OF AN OPERATOR. 
AB=Sa +V 
A’B= A. AB=A (Sa-+c V) 
=SA+AV 
= 2SA— a’B by expansion and multiplication. 
A’B =A (2SA — @’B) 
—2a Sa —a(Sa+ Vv) 
= a> (Sa — V), which is geometrically evident. 
A’B = @ Sa — a? (Sa — a’B) 
= a‘ B, which is also geometrically evident. 


From these results it is easy to write the expansion of any value of 
A"B when 7 is a positive integer, 


16. LAWS OF MULTIPLICATION, summary. 


(1) Factors are not permutable (S811) 


AB is not equal to BA. 


(2) The operand is distributive ($12) 
A(B+C)=AB+AC, 
but the operator is not (§13) 


(A = B) C is not equal to AC + AC. 


(3) The association of a factor must not be changed (814). 
A. BC is not equal to AB. © 
but A. BA = AB.A. 


(4) The fourth power of an operator is equivalent to the 
fourth power of its tensor (§15). 


(5) The common laws of signs are true for operand and 
product; not for the operator. 


Poe eRe oN DICULAR VECTORS. When A,B,C 
dicular, 5.5 — Pac — Ope — O, (83), and AB =— NV, (§15). 


are perpen- 


Then the laws of §16 become the following: 
(1) Permuting the factors, i.e., interchanging operator .and 
operand, changes the sign of the product. © 
BA = Via = — Vad = — AB. 
(2) Both operator and operand are distributive. 
(A+B)C=ACHBC 
A (B + C) = AB = AC. 
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(8) The association of a factor must not be changed. 
A. BC is not equal to AB.C. 
but A. BA = AB. A. | 
(4) The square of an operator is -1 times the square of its 
tensor. 
A’B = — a’B. 
(5) The common laws of signs hold true. 
If a, b, c be any three unit perpendicular vectors in the 
same circular order as x, y, Z; then ab=c, bec=a, 
ca —b, and these vectors may serve as units of the 
system, as well as x, y and z. 


18. DIVISION is the inverse of multiplication, so that if 
AB=cCc 


Geometrically, division is a negative turn of 90° about the divisor 
(identical in this respect with multiplication by the negative of the divisor) 
and reduction in length to that given by the quotient of the tensors. 


19. GENERAL FORMULA for A"B where n is real. 


Let OA, OB, be the vectors 
A, B, and let OC be in line 
with their vector product, so 
that AB = a@ times OC. 

Let BCT be the circle of 
revolution of B about A; N 
its centre; N B, NC, its radii. 
Draw CDi NB; DEW 
Let / CNB=6= n~ be 





the angle of rotation of B. 


Fig. 4 


Then NC=NB= =, where v is the length of Vay. 


by Be 
eer slimy, 
DOs u 


DE=BO are = 5 cos 6, 
ON 
OE=DB yp = | vers 0. cot AB 
~ DErsul wee * vers 
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As vectors OC=OE+ ED+DC 
=e a vers§ + B cos 6 += sin @ 
foe Bera" OC 
= a”! (Savers 6 +aBcos6-+ V sin 6). 


This formula, being true for all real values of n, includes products, 
quotients, powers and roots of vector operators. 


EXAMPLE.—Two rods, A and B, are joined at one end. A is one foot 
long, and the perpendicular distance of its free end from B is six inches. 
B is turned 60° about the axis of A, then A is turned 90° in the same 
direction about the new axis of B. Find the new position of A. 


Let the joined ends be at O. Let B= bx, andA=a,x-+ ay. 
Since a=1, anda,=34, A=4 (x /3-+y). 


The result of the first rotation is represented by 
2 
C= A* B= Savers 60° + B cos 60° + V sin 60° 
= 7 (x+y y3— 2z 7/3). 


The second rotation is 
cA=S8c-+V., 
= 1 (9x /3— 3y — 22), 
which gives the final position of the free end of A. 


20. QUATERNIONS. 
When A! B,S=0 
and V= AB. (S17). 
Then A’B = a (B cos 6+ aB sin 6) 
= a (cos 0+ a sin #) B. 
Now @’ as a perpendicular operator is equivalent to -1; and by ex- 
pansion in series, exactly as with the complex (cos 6 + isin @), it may 


be shown that the rotor of A* 
G 


cos 6 + a sin 6 = e® 
where @ is the angle and a@ the axis of rotation. 


Hence for perpendicular vectors 


OB oh et B. 
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The operator A" is a tensor-rotor-vector, or a directed quaternion, 
when applied to vectors perpendicular to A. It has the four funda- 
mental characters of a quaternion, namely, 

(1) Since A" B = C, A" may be regarded as the ratio of 
C to B; 
al 


(2) It is the product of a tensor and a directed rotor, a". e ‘; 

(3) It is the sum of a scalar or number and a directed unlocated 
line or vector, a" cos 0+ a a sin 6; 

(4) It is a quadrinomial of the form k + 7x + my + nz, where 
k is a pure number and the directive units x, y, Zz, have the 
relations 


2 
rA 


SY? = 2S XZ SS 


21. VECTOR ARCS. The rotor e@ turns thru the angle a about 
the axis A any vector in the plane perpendicular to A. The index a is 
a vector angle whose axis is A and whose magnitude is a radians. The 
length of the subtended are is aa. If this circular are be taken as a 
vector, written a, it is understood that its angle is a, its axis A and its 
radius a. A vector are may take any position in its own circle, and has 
therefore one more degree of freedom than its vector axis. 


Vector arcs need not be confined to ares of circles, but whether the 
extension to other curves would be of any particular value remains to be 
seen. A rough classification gives the following: 

(1) Straight vectors, 
(2) Plane vectors, having single curvature. 
A. Conie, 
a. Circular, b. Elliptic, c. Parabolic, d. Hyperbolic, 
B. Spiral, ete. : 
(8) Solid vectors, with double curvature. 


22. SUM OF CIRCULAR AND STRAIGHT VECTORS. 


Let the plane of the are a 
meet the plane of A,B, in the 
line CC!; let © be so chosen 
that, BC isnot greater than 
_ 90°, i. e., so that 7 is positive ; 


and: letra ==.c: 
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no C= mA 7B. 
Then from the figure 





op Sr a == Co ==. a", 
_ ma Sap @ 
cos AB = hl ore ab (S38) 
a S 
n=—z_-— ft =a 
a? D 
1 k 
pot (SA+ a@’B) 
Let fae tC) Da at, 
Then BB eee et Oe (eater ect) (o 
= | cos (ai +a) + a sin(a + a) — cos a'—a@ sin ae 
= 2sin 5 [sin (+ 2) + a@cos(a' + 2) c. 


To this B is readily added. 
If B is parallel to A, © is indeterminate and any radius of the a 
circle may be taken as C. In this case the sum is a point on a right helix 


or screw whose axis is A. Since the addition may begin at any point of 
the a circle, the sum is a screw vector whose radius, pitch and direction 


are fixed. 


23. SUM OF TWO CIRCULAR VECTORS. Let a, B be two cir- 
cular vectors with a common centre O; and let C = V,, be the intersec- 
tion of their planes. Let / CB. = f', 4 CA, = a’. 


1 1 
Then a= A,— Ac=(e* '%— e*)ae, 
jB+8 


oe”) be. 


B= Bi — Bo = ( 


Any third circular vector 
whose position is deter- 
mined with reference to 
the intersection of its plane 
with the plane of a or 8B, 
may be similarly expressed 
and the sum readily found. 
In expanding these ex- 
pressions it is convenient to 
remember that _ 





FIG. 6 


12 A GEOMETRICAL VECTOR ALGEBRA 


when C= V,~ 

then AC = V,.= 5S» A—@2B 
and BC=V,=B2A— Sy» B. 
When 8 = a the sum is 


Ca awa 
which is a vector are with angle a and radius 2a. 
The locus of the sum of two equal vector ares beginning at the same 
point of intersection, when the planes are not identical, is an ellipse. 


Also [ (a — a) is a straight line. 


24. SPHERICAL TRIANGLE. Assume a sphere of unit radius, 
and upon it ares of great circles. As an illustration of vector treatment 
let it be required to find the relation between the sines of the angles of 


a spherical triangle. 


Let a, B&B, y, be three cir- 
cular vectors forming a 
spherical triangle; a, bc, 
their vector axes; A’, B!. 
Cc’, the vectors from O to 
the angular points; A, B, C, 
the angles of the spherical 





triangle. 
Fig. 7 
Draw As a OG 
Then as vectors OA! = On+n A! 
or A'=C' + B=C' cos 8+ vy. sin B. 
Similarly A’ = B’— y= B' cos y — va sin y. 
By inspection of the figure it is evident that in any spherical triangle 
QS V1.1 
COS Me Suh ay Sn 2 tos 
cos A = — cos (x — A) = — &, sin A = Dy. 
Ai = Vi; = | by Cy 2 | 
Dye 


=a,x+a,y+ az. 
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Similar equations may be written for the corresponding elements of the 


triangle. 


From the last equation, equating coefficients of x, y, z, 








1 | bs C, | if awed | b, Cx | 1S. ax b,: | 
aq, = me ’ LS Fina ge ae rp 
oo Dye Doe Dye 
Similarly, 
Pt ee! Gro: | pi az Loe Gx | pi a Lx Gy | 
i Ding Sen nes ee Us 
Spe 5 ai Sab 


Then cos y= ne a aah 
be ac 


sin iy V1 ae $711 pod Ae! ‘ane 32, ma See Pike ae + 2 Sab She Sea) 





and 





sin C wu Dab Dab Vbe Vea 


The last expression is symmetrical in a, b, c, and therefore 


sin a sin B sin Y 


Rin =e sink... )..sin Gy 








25. CONIC VECTORS are expressible in terms of the radius vector 
from the focus to each extremity of the segment of the curve. 


ny” B a B 








Let A be the axis of aconic, O its focus, 

N its directrix, P the radius vector, a, D 

6 the coordinates of P with reference to A 
and B; and let p = e (a + m), where’ 


ie: BS 
Ciee 1S the eccentricity. 


FIG. 8 


Then =cp—m 
Bb? = p? — a = p*® (1 — c*) + 2cemp — m’. 
sea At Bs 
= (cp — m) a + by/[p? (1 — c*) + 2emp — m’]. 
merconic. vector from P, toi\P is P — Po. 


P may also be expressed in terms of a, b, or @. 


Thus at p)COs-0} cp=a+m 
b= p sin 6, = pcos@+™m, 
ey Wen UES 
Pesce oscose)— 


P= ae (a cos 0 + b sin 6). 
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If p is a constant, c= m = ©, then for the eircle 
P =p (acos 6+ bsin 6). 

Similarly in any conic 
Die At Py { (a + m)? — a? c?}. 


SM soy Lee ee at 
c? — w 


but when ec = 1, in the parabola, 


a+B, 


kb? — m? 
za ect meagan =e + B. 
We have then an expression for any conic vector as the difference of 


two straight vectors, P = Po; which may be expressed in terms of either 


of the variables, a, b or @. 


The sum of two or more eonic vectors would express approxi-— 
mately for a short distance the course of a body moving under gravita- 
tional forces from two or more sources. Whether this method of 
calculating would be an improvement on present methods I am not 
prepared to say. 

Multiplication of. a. straight vector by a vector are involves double 
curvature, and the locus of such a product is a convenient form by which 
to express solid vectors (§21). Again the utility is problematical. 


26. DIFFERENTIATION OF STRAIGHT VECTORS. Any vector, 
A. may vary in length and in direction. Its variation may be expressed 
in terms of a for length and q@ for direction; or it may be expressed in 


terms of the components A,, A,, A,. 


Since the infinitesimal increments of a vector are also vectors, it is 
evident that by vector addition 
dA=d.A+r¢dA1+TGA 
= x da, + yda,+zda, (1) 


since xX, y, Z, are absolute constants. 


Als, dA=dqgqA+aA 
=ada-+ada. (2) 
It follows from (1) that the differential of a vector is the sum of the 
differentials of its components, and hence that differentiation is distribu- 


tive over vector terms. 
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It follows from (2) that the ordinary rule for differentiation of a 
product holds true for any unit vector and its tensor, and hence for any 
product of a tensor and a vector. 


27. To find the differential coefficient of a vector product, A"B. 


A’ B = a™' (Sa vers 0+ aBcos 6+ V sin 6). 
Differentiating both sides of the equation with respect to 6, = n 


? 


| 


A"B.loga + a™(Sa@ sin 6 —aB sinO+ V cos @) 


x |b 


Ly Sl 
ae =, 


5) | bo 


= A"B loga + a™' (cos 6+ asin@) Vv, 
since, by multiplication, Sa-—aB=avy. 


The last term of the differential coefficient may also be written 


Cs eat Vv. It is a tensor and rotor product of V_ (the vector normal 


af 


of A and B), whose rotation is about A. e ” V expresses the rotation of 


n-1 oud 


V in the plane perpendicular to A. a V traces a spiral in this 


plane, and as a vector it gives at any point the direction and rate of 


motion in this plane made by the point B, supplementary to the increase 
in the length of B. 


The term = A°B loga is a multiple of the vector product, and for 


any given value of 7 it expresses the rate and direction of the increase, 
in length only, of that product. 


The sum of the two terms gives the rate and direction of the motion 


of the point B for unit increase in 6. lt is the vector tangent to the 


curve traced by A"B, namely, the curve [a’s. 


EXAMPLE.—Find the tangent where the flat spiral (ax)". by cuts 
the Y axis. The tangent is 


d 
T = 96 (ax by, 
2 - 2 
=a" b [(— loga cos/0'— sing) y =- (— log a. sin § — cos 6) z| 
At the starting point 6 = o, and 
2 
me) ( loga.y +z). 


- When n=2, 0=7, and 
TT, =— a Ta: 
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When 7=4, 6 = 27. and 
Ta = a’ 15 °— =e a’ Tse 


This vector tangent makes at all times a constant angle with its radius, 
and its length gives the velocity of the generating point when the 
angular velocity is unity. 


28. CURVATURE. If / be the length of a curve, and T the vector 


dT : : 

tangent, the curvature K is a’ and the radius of curvature is 
Rl can 
R = ke: 


29. LINEAR LOCI are loci having only one degree of freedom; 
lines or discrete points. A few examples are given: 


a 
APS + Bis any part of the straight line drawn from the 
point B in the direction A. 
n=—4 
not A°B + C, when A | B, is a circle with centre C, radius 
b, and plane perpendicular to a. 


27r 
Lia cos 0 are. sin 6) + © is an ellipse parallel to the 
A B plane. 


laws + nC) includes a variety of curves. 
If A _ B, Cll A, and a = 1, the locus is a helix. 
If © + A the locus varies from a circle (when c= 0) 
to a straight line (when c = o), passing thru the cycloid. 
In other positions of C the helix is acute angled. When 
a> 1 the curves are expanding and when a < 1 diminishing. 


30. EXAMPLES OF SURFACE LOCI. 


a Jb 
Wel + B) + C is a parallelogram whose adjacent sides 
A,B, start at the point C. Its diagonals are A + B. 
Its area is ab sin AB = v. (810). 
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A 
Lleas is a closed surface, spherical if a 1 b, with 
radius J. 


4 Jb 
dE B is the conical surface traced by B as it is turned 
about A. 


a Jb 
Eliat (1—a@) B) is the triangle OAB. 


31. EXAMPLES OF SOLID LOCI. 


lll (A + B+ C)-+D is any parallelopiped. 
Its diagonals are A+ Bt+C,A+B-—-C,A-—-B+C, 
—A+8-+C. Its volume is|a,b,¢c,|. If P= Va 
and Q = V,,, the dihedral angle, a, over the edge A is 
found from the equation 8,, = pq cosa. 


ene: b"™ A is a shell, spherical if A i B. 


4 4 ce 
JE | Le. [c Tsakt is a hollow annulus 
Bee Rese A ns A 1B. 


32. THE REGION COMMON to two loci is found by equating the 
coefficients of x, y, Z, in the expressions for the loci. If these equations 
are consistent, giving real values for the variables, the limits thus found 
are inserted in either of the loci to give the required locus of intersection. 


EXAMPLE 1.—Find the region common to the straight line 


Thee + 4y, and the curve 
ae (2x y)rsin a}. 


Equating coefficients, 
n=a-2 sina 
4= sina. 
Whence n = a+1=arcsin}+1. 
Inserting these values, both loci become 
la y + x arcsin $) 


which is a row of discrete points parallel to x. 
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EXAMPLE 2.—Find what part of the helix 





: ni nr 
lexey a Br se Ce cos —- + z sin sr 


is within the figure 





Lb lorcz + DS came pe LIME ieee rr +b)—y-+zccos ——}. 
2 2 


Equating coefficients of x, y, 2, 


(1) an =e sin" + 6 
(2) cos — = —1, *. sin = 0, and n.==2, 6, 10s 


Mi nia 
3); Cre eA TEN ff been 9D 
(3) Os 5 sin 5 


Ii oc Oon 2). 


mir =n Attbs ; : “pts 
If BD ==) ()) Sin 5a +1, andsince c is positive 8n=b-+ c. 


Inserting these values in the locus of the helix we get for the 
intersection a row of points 


lens — y, where n has the values 


b+e 
ae 





2; Oe Ole up to 


EXAMPLE 3.—Find the intersection of the plane 


lle +nz)+ 3x 
with the solid 


2 Ja 7b 37 Jaq 
Lela ees | Ll Uax+ ty ecs 0 
Equating coefficients of x, y, Z, 
(1) m+3==a, or m=a— 8. 
(2) bcos}? = 0, “bp ==0,-or'sin G== al: 
(8) nz b'sin. 8, = 0 ore B. 


’ 


n=+b. 


Substituting in the locus of the plane we get for the inter- 
section the parallelogram 


eines F 
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EXAMPLE 4.—F ind the locus of the intersection of the cube 


1 1 1 

Ul Vax +a, y +a, 2) 

with a plane which cuts its diagonal 

A=x-+y+z_ perpendicularly. 

Let B=x—y 

be one vector in the perpendicular plane, and 
C=V»=x+y-—22z 

the other. The plane is 
Ha B+mC+ 7A) 


where 7 is an arbitrary constant expressing the fractional 


distance from O to the point where the diagonal is cut. 


Equate coefficients of x, y, Zz, in the two loci, 





a,=l+m-n 
a,=—l+m-+-n 
a,=—2m-4n. 
Therefore ja 25 
a a,+a,— 2a, 
thes, 6 


3n= a, + a, + Q,. 


If n = 0 the plane goes thru O. Since a,,4a,, a,, are all positive 
and the sum zero, each of them is zero, and the locus of 


intersection is the point O. 
If n = 1 the point of intersection is A. 


If n = 3, so that a,+ a, + a, = 1, while each varies between 0 


and 1 subject to this condition, the locus is an equilateral 
triangle whose corners are found by giving to a,, a,, a, 


separately the maximum value, 1, in the expanded expres- 


sion for the plane 


TAR CEST ae mh onT 


If mn = 2 the locus is a. similar triangle. 


If nm = 4 the locus a regular hexagon. 
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33. PROJECTIONS. To express any vector K in terms of three non- 
coplanar vectors A. B, C, write 
lA+mB+nC=K 
la,tmb,+ne, = 
la,+mb,+neg = 


la,tmbtine =k, 





If we now write n=0, /A-+ m8 is the projection of K, made — 


parallel to ©, upon the plane of A, B. 


If A and B only are given, and the projection is desired of K_ per- 


pendicularly upon A, B, take C = Va» = | a, b, Z|, and proceed as before. 


To project K in the direction of © upon a plane perpendicular to C, 


take any vector A, + C, so that S,. = 0, 


as, A =c,x —c, y 
and a second vector B, = Vac: 
MRE esow 
B= | Cy-Cx 0 
xydaz 


Then express K in terms of A, B, C, as before. 


The most general form of-a locus is Ll K + M, which is prejected 


in the same way. 


EXAMPLE.—Project upon the Y Z plane and parallel to D the helix 
[s == Oeby + anx) 


alice (y cos 96+ z sin @) +any}- 


Let B=/y+mz-+~rD. 

Equating the coefficients of x, y, 2, 
ra an 
1 + rd,=bcos @ 


m+rd,=b sin 6. 
aes d, 
B'=y (bcos@—an{ } + z{bsin@ —ang } 


the locus of which is the required projection. 


/ 
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34. PLANE ALGEBRA. Every vector in the X Y plane is of the 
form A=a,x-+a,y 

=a,X + a, ZX 
= (a, + Z a,)X. 

Since x is a part of every vector expression of this form, it may be 
omitted. The remaining form, a, + zZ a,, is acomplex number. Since z* 
as a rotor is equivalent to -1, we may write this tensor-rotor in the 
common forma + ib (where i? =-1), whose properties are well known. 


Again, any vector in the X Y plane may be expressed as a 2-product, 
thus, A= dZz" x 
= a(cos§@+ z sin @) x 


20 


Sh Cay weXs 
Omitting x as before we have left the other two forms of the com- 


plex number. 


Vector multiplication in the X Y plane with any other rotor than z 
gives in general imaginary products, i.e., products lying outside of that 


plane. 


FOUR-SPACE ALGEBRA 


35. In four-space there are, by definition, four mutually perpen- 
dicular axes, X, Y,Z,U. These are so selected that they multiply in cir- 
cular order, as in 8-space. Each vector is now fully defined by four 
components. Vectors are added and subtracted as in 3-space. 


As in §8 it may be shown that 
Sap == a,b, +a,b,+ a,b,+a,b,=ab cos AB, 
where §,, is, as before, the sum of the ab products. 


Evidently also when Saas Qo ASL B? 





36. MULTIPLICATION in 4-space is defined as rotation about the 
plane* of the multiplying vectors, thru a right angle in the positive direc- 
tion. The planes of rotation are wholly t perpendicular to the axial] plane. 





*Rotation is essentially plane motion. In a 2-flat the axis of rotation 
is a point. In a 38-flat the axis is a line. Ina 4-flat the axis is a plane. 

tIt is evident from §85, that in 4-space absolutely perpendicular planes 
exist. For A =a, x-+a,y is any vector in the X Y plane, and 
B= b,z + b,u is any vector in the ZU plane. Since S,=0, A4 B. 
That is to say, every vector in the XY plane is perpendicular to every 
vector in the Z U plane. 


bo 
bo 
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Multiplication of C by AB, is written ABC. and is defined as. 


(1) Rotation of C thru 90° in the positive direction about the 
plane A B, and: 


(2) Simultaneous extension to the length abc. 
By definition, xyzZ—=u, yzu=x, ZUx=y, Uxy=ZzZ. 


Remembering that the plane of rotation is perpendicular to the axial 


plane it becomes evident that 


y xyz=u, yzu=x, zux=y, uxy =z 
oes ere Sa na tee 
ra xyu=2, yzx=—u, zuy =X, xzZ=— y 

U x 


Fig. 9 





Coplanar vectors are unchanged in position by 4-space multiplication, 


because the whole axial plane is unmoved, 
XY X =x 


xy (a,x +ayy)=a,x+a,y. 


37. MULTIPLICATION BY PERPENDICULAR VECTORS. 





Let A |B iC, and let ABC = W. 
Then Say pees toe ee 
and ie 1102 ne ue 4-4 we = a oe. 


Solving for W,, Wy, W,, Wy, and collecting, 


Wie ce Se po, pace Us 


Also 
ww? === | a,b,c, |?) ay B, Ca ° 0 DCA) esa ie 


Pee Sap See 
a sede 2 2 2 
— shy Spb ae =. 070 ¢ ‘ 
Dew Sep Nee 
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38. C is coplanar with A,B, when 
C=mA+ nB. 


Writing the four equations of coordinates, and eliminating m and n, we 
get the coplanar equations 


| a, by c, | = 0 


ay Dc, = 0- 


39. To find the perpendicular Ne from the point B to the vector A. 








N 8 Let QB be the positive direction of Nb. 
2 
Sab 
(Phen? 7 ==.0.0 = 6 cos A.B Spe: 
Sab 
Q= > A 
0 Q A 
Fic. 10 
BA Sab A 2 
Ne cn B a Q nee! | A B xa C 
Se. Sab v” 
Pa cas A al ey Bas Ae te 95 ut aap gee. 
1) SRE SA SRA a a 





These forms of Ne, n?, Q, g, are identical in space of four, three and 
two dimensions, and evidently for space of all dimensions. 
In a 2- flat 





n= = 





aa. 
Deeds 
40. To find the perpendicular Ns from C to the AB plane. 


Let QC be the positive direction of Ns. 
Draw QE 1 A,QF 1B, join CF, CE. 








Then .OE = se ae ae 
Neekin We eon Aes er han (1) 
and OF = i = ze 
Sat eas Shee sates oxen taiae ee ee (2) 
Since A, B, Q;, are coplanar 
an De i) ee eee a (3) 
PO Des | seed OF te is, eae ee oe (4) 





FIG. LL 
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Solving for the coordinates of Qs, and collecting terms, 


Qs= (B? Sx — Sur Sre) S- + (4 Sie — San Suc) S, 





G=9a+G+at wm 


1 
— (a° = ne b See x= 2 Sab Dac She) 














p?? 
where pe=02. be 
Then Z : 
eas aa Sap ac 
Ns a ( re Q; = ba Son Spe = s . 
ABC ‘ 
ae Sab ae 
oan Sa 
ne = c* — Gg = Sha Sop She Sm S S : 
ioe Sep Diss ri aa 
Ww? 
me 


These forms are identical for 3-space, and apparently for all space 
above it. ; 


| a, by C, | 
In 3-space also fy Sees es 


‘41: ‘To find the normal N., from D to the 3-flat of A,B,C: 


D 








Let QD be the positive direction of Nu Jcin 
OQ. Drop perpendiculars from Q: on A,B,C, 


and join each point of intersecticn with D. 


Then it is evident as in 


$40 that 
Sag = Sad ee 
bq == Sed (2) 
Seq == Seite aeaeae (3) 


Since A, B, CyQsa are 
allin the same 3-flat and 
therefore all perpen- 
dicular to Na : 

> A S,, =S..= Sa 
Eliminating the n’s we 
| get the cosolid equation 
0 | a, by c, 0, 1 == 
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Solving for q, etc. and collecting terms 
Q, — { Saa pA (S?. — §* c’) “fe B (c? Sab = Da She) fe Cc (b? See Gnd Sap Swe) ] 
+ SnwlB (S2, = a’ c”) + Cc (a? Sbe— Sap Sac) + A (eX ae —° She Sac) | 
+ Sea [C (Si, — a? b*) +A (B? Sec — She ae) a Ba? Sbe — ae Sap) J \ as w 


eererore Sie Si ee 
Spa Spo Ste Spa Sea Sab Sac 
N.= D—- Qa=> Ger uaus: Fier Oph be (te 
ca “cb ee ed ae Se Cn 
AS B.C... D 
SMe Se Se Sal) Pacheco dil? 
v4 ss | Saa Sop oe | 4 Ww? 


42. RELATION OF Ni TO THE RECTOR W._ Since Na and W 
are each perpendicular to the 3-flat of A, B,C, they differ only in their 











tensors, | 
Ng | a, by C, a, | 
Hence beeen FLA Aerie ERIN ‘: 
Similarly, in 3-space é 
Ng j ay b, Cr | 
i eN o eat ay 
And in 2-space 
n | ax by | 
Nhe ene eee a 
ie dike 


is the perpendicular to A. 








when F = x 


The forms for Ns, Ne, 73, 73, may be obtained by suppressing rows 
and columns in the determinant forms of Nu, 73. It is evident that we 
have here a correspondence between the geometric space-form for a per- 
pendicular and the algebraic space-form or matrix, which is true for all 
space. 


43. To find the product AB C when nis real. 


Let CPK be the circle of rotation 
of the point C, and let Q be its centre 
in the AB plane. 


Join QO, QC, QP. 


Let OP be the position of OC after 
rotation, so that OP —ab C. 


Draw PD's. OC. -DMIGO. 


The angle CQP = 6 = n>. 
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Then since PD, being in the plane of rotation, is perpendicular to 
the AB plane, and also to QC; PD is perpendicular to the 3-flat of 
A, B, C, and is therefore parallel to W. 


D 
OM=0Q GQ = 7 vers O 


MD=0C 9¢ = ¢ cos 0 


DP = PQ sin 9 =n, sin @ =~ sin 6. 


As vectors 
OP=OM+MD-+DP, 


= Ww. 
ab C = Q; vers 9 + C cos 6 + 7, sin 6 

etl , vers 0 
ABC =ab [{A (2S, — Sa Sp.) + Bla? Si, — Sep Sic) | 2 





+ cos6+™ sing], 


44, If C is perpendicular to A and B, then 


AB C= a br} C cos 6 + w sin @}, 
and abc = 

AB C=a@b (cos 6 + ab sin sad ee 
as pn ¢ BO Cc. 


The rotor e@®% resembles the rotor e®? found in 3-space multiplica- 


tion. It is evident that similar rotors (quaternions) will be found in all 


higher space forms. 


45. The intersections of loci are found as in §82. 


EXAMPLE 1.—F ind the intersection of the 8-flat 
Ll (ax + by + c2) 
with the helix 
[ix ix ty 42) 4 nx} 2 ]i% 4 4 Z cosh ha 


Equating coefficients of x, y, Z, u, 
a=zn+l1 


A GEOMETRICAL VECTOR ALGEBRA 27 


The intersection is 


[ty x+y +z, 
representing two rows of points parallel to X. 


EXAMPLE 2.—Find the intersection of the plane hax + by) with 
the solid cylinder 


=. 4 Jc Vea 
ltl (xy C +m (x + u) \ —— Ul fecx +ey+(c.cos 6 —c, sin 6)z 
+ (ec, cos 6+ ¢, sin @) u|. 
Equating coefficients of x, y, 
a=c,+m 


b= Cy, 


and the plane locus becomes the rectangle 


Lliactmx Settle 


46. PROJECTIONS. To express any vector K in terms of any four 


vectors A, B, C, D, not in one 3-flat, write 


lA +mB+nC+rD=K. 

Then la, +mb,+nce,+rd.=k 
la, + mb, + ne, + rd, =k, 

la, + mb, + ne,+ rd, =k, 
‘lal-—-mb, nts + Trdg k 








| k,, by €,-d; | bag Ky Cy de | 

l= x m= : 
RS ae? b, Cz G,| ( | ay by, C, da, | 
oli. 8, kod, | __ | ay by €, Ky | 
ieee Reo. dali eel a )acAd,, | 


Writing either /, m, nor r equal to zero the remaining terms of K 
are the projection of K made parallel to the vanishing vector and upon 
the 3-flat of the remaining vectors. To project K normally upon the 8-flat 
of A, B, C, write D = War, then make r= 0. 


The sum of any two terms of K is the projection of K upon their 
plane, made parallel to the plane of the other two vectors. 


Loci are projected in the same way. 
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47. As an illustration of the method of the last section we may find 
the principal orthogonal projections* of the regular 8-cubed tessaract 
whose edge is unity, 


JAG upon the 38-flats about it. 


(1) Parallel to x, on the 38-flat of y, z, u, the projection is 
obtained by writing k, = 0, giving the cube 


Ll lawy+ k, 2 + ky U). 


(2) Parallel tox+ y. Letx+ y=D. 


To get three other rectangular vectors we may take 


A=2 

B=uUu 

C => Wara = Y — X. 
ENGI pl = Aa, ca Ka, ae 


Writing r= 0 the projection becomes 


Lill lna+nes p eye 
And a= 1) ibe 1s) er 772: 


To express this locus in geometrical terms we note first that since 
it contains three vectors, not coplanar, with independent 
variable coefficients, it is a 3-space solid; and in the second 
place that the original axes, z, uw, which are perpendicular 
to the line of projection, remain unchanged. The axes x, y, are 
each foreshortened in the ratio of 7/2:1. Projecting x and 
y by the same plan as for K we get for the projections 

Xe CG 
Y= SC 
making the total distance 1/2 along C. 


Consider next the variables in the locus. k, and k, are entirely 


17 
independent, with limits from 0 to 1, and leh (k, A+ k, B) 
is a square in the AB plane. The solid is a right square 


prism whose extension along C is given by the last term 


k, — ky 
Fay C of the locus. k, and k, vary independently from 





*For a purely geometric investigation “of these projections see the 
AMERICAN JOURNAL OF MATHEMATICS, Volume XV, No. 2, pages 179-189. 
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0 to 1. The lower limit of the term occurs when k, = 0, k, = 1, 
namely, -4 C; and the upper limit is $C. Since c= 1/2, the 
length of the prism is 1/2 along C. 

(3) Parallel to x + y + z, (=D). 


Take for the other rectangular axes 


A=u 
SB: =x — y 
C= Waa=— X+ y —2z. 
k,. — ky seth Ay. aie Ke 


ren. (= Kk.) 7 = 5 Ae 6 ; 


Put r= 0; the projection is 


Cll at a a SO), 


whererm@oetl 4 0 == 472, C—— 4/0. 


The figure is again a 3-solid; the axis uw, perpendicular to D, remain- 
ing unchanged. Projecting the other three axes we get 
x'=34B+iC 
y=-—iB+ic 


zi'=—#4C. 


/6 
The length of each of these is roe: This length may be found directly 
by the equation 


sin? xD =1— cos?*xD =1— ar = §. 


The variable k, is independent. The figure is therefore a right prism 
of unit length along A. To find the prism base. or section in 
the BC plane, draw the axes 3B, 4C, and plot the figure. 


Birstialet-k, == Kos, 0, a whiles k, 
varies from 0 to 1, tracing the 
line along C from — i to O, the 
Ime!.a@QO.. Next let. kK, = 1; the 
locusof k,is then the line bc from 

Bc 

2 6 


Intermediate values of 4, fill out 


Bik CS 
OS Gas 


the parallelogram ac. 
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Next let k, =1, and proceed as before, obtaining the parallelogram dC, 


B Cc 
whose limiting lines are de from 5 _< to S +E, and OC 


from O to S. 


Intermediate values of k, give similar parallelograms commencing at 
every point along ad and covering the regular hexagon ace. 

The whole projection-is a right hexagonal prism. The projected axes 
XY er eare Oe, Oc, Oa. 


(4) Parallel tox +y+2z++4u, (=D). 
Take for the other rectangular axes 
A=x-—y 
B=z—u 
C=twWwae=x ty — Zz 


k, — k, k, — k, “Keb hy eee 
Then | = ao 5 , T= ee 


and the locus of the projection is 

1k, — k k, — k, k, + k, —k, —k, 
CELE BAe et hee pmeec 
Where == Day AO ee ey 


Projecting the axes x, y, Z,u, we get 


= ZALES 


Ye eet 
z’=4B8—1tc 
“a= —38—iC 


/3 
and the length of each projected axis is ra) 2 


To obtain the geometric form of the projection, give to all the variables 
the value zero, then to each one separately give all values up to 
unity. This gives four lines from O, identical with the projected 
axes. With three of these lines as adjacent edges form a 
parallelopiped, and form three more parallelopipeds with the three 
other possible groups of the four lines. The sum of these four 
solids, a rhombic dodekahedron, is the projection required. 
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